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On the Application of the Wiener–Hopf
Technique to Electrostatic Field

Problems in Interdigital Transducers
Andreas F. Molisch, Student Member, IEEE, Ali R. Baghai-Wadji, Member, IEEE and Christian O. Schiebl

Abstract-Using the Wiener-Hopf-technique, we compute the
electrostatic field distribution of interdigital transducers at the
plane interface of two dielectric media sandwiched between two
grounded metallic plates and neighbored by two grounded semi-
infinite plates at the interface. To this end, we compute, for
the first time, the associated Green’s function, which already
satisfies the boundary conditions at all the grounded plates.
Consecutively, the Green’s function is used to derive the elements
of the charge-potential-interrelation matrix for various basis- and
testing functions for a method-of-moments application. Examples
demonstrate that the new method has considerable advantages
with respect to accuracy and computer-memory requirements.

I. INTRODUCTION

T
HE WIENER-HOPF-TECHNIQUE (WHT) is a method
for treating boundary-value problems involving semi-

infinite structures [1]–[3]. It has already been applied success-
fully to various electromagnetic [4]–[7] and acoustic scattering
problems [8], [9] and some selected eigenvalue problems [10]

but, to our knowledge, not to electrostatic problems involv-
ing semi-infinite plates together with multiple disconnected
metallic bodies.

Surface acoustic wave (SAW) filters are widespread for
signal processing applications in the frequency range from
30 MHz to a few GHz. SAWS are excited by applying an
alternating electric voltage to the electrodes of an interdigital

transducer (IDT), The frequency response of these devices is
directly related to the Fourier transfotm of the corresponding
charge distribution underneath the electrodes of the IDT,
because the charge can be regarded as the source of the
excitation of acoustic waves [11]. Due to the significant
difference between electromagnetic and acoustic wave propa-
gation velocities, simulations based on the electrostatic charge
distribution give excellent results up to several GHz [11], [12].
Thus the computation of the electrostatic charge distribution
becomes of prime importance in the precise modeling and
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simulation of SAW devices [13]. In these devices there often
exist metallic structures that can be modeled as semi-infinite
elements [14]. The main objective of the present paper is
to show that the WHT can be combined efficiently with
numerical techniques to deal simultaneously with the semi-
infinite elements and the usual finite metallic structures. thus

avoiding the considerable numerical problems that are usually

associated with semi-infinite structures.
The geometry of our problem is sketched in Fig. 1(a). It

was shown previously [15] that the boundary conditions at
y = +b can be transformed into the “active” plane y = O,
so one possible approach would involve the application of
the Method of Moments (MoM) [16]: calculate the Green’s
function as the potential response to a line charge source
(LCS) in the metallic package (excluding the semi-infinite

plates); discretize all metallic regions in the active plane and
apply the MoM. We will refer to this approach as the direct
MoM. Our new approach is: first calculate the Green’s function

satisfying the boundary conditions of the infinite as well as of
the semi-infinite plates; then discretize only the electrodes in
the active middle zone – a < x < a, y = O; and finally

apply the MoM. We will call this technique the WH-MOM
(Wiener–Hopf MoM). As shown below, it has considerable
advantages with respect to accuracy and computer-memory
requirements.

Thus the objectives of this work are twofold: from a
theoretical point of view, for the first time we derive the
aforementioned Green’s function and prove that it is possible
to transform the boundary conditions of all the metallic plates
into an active middle zone. From a practical point of view, we

provide a powerful mathematical tool to tackle boundary-value
problems in connection with SAW devices.

11. THEORY

[18]. The 2-D-geometry
unit strength is located

A. Formulation of the Problem

In order to calculate the Green’s function, we use Jones’
version of the WHT, [2], [3], [17],
is shown in Fig. 1(b): a LCS of
at x = Z1. The substrate is assumed to be isotropic (for
a discussion of this assumption, see Section II-D). For the
time being, a harmonic time-dependence for the LCS with an
angular frequency w is assumed, where w is small enough for
quasielectrostatic calculations to be valid. In the following, the
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Fig. 1. (a) Generalgeometryof a shieldedIDT with semi-infiniteplatesand
N electrodes. (b) Geometry for the computation of the Green’s function.

factor exp (jtit) is omitted. The dielectric is assumed to have
a permittivity with Im {e} >0. The Fourier transform of the
Hehnholtz equation for the scalar potential @, satisfying the
Sommerfeld radiation condition. is

where the bar denotes Fourier transform (FT). Let us now
define

/

+Cc

p+(a) = p(z,O)e~a(x-a)dz, (2)
a

&(a) =
/

a 4(z, O+)e~@Zdz, (3)
—a

/
p_(cl) = ‘a p(z, 0)e3a(z+aldr. (4)

—m

The subscripts + and –, respectively, signify regularity in
upper (~ > –k2 = T_) and lower (T < kz = T+) half-planes
of the complex plane a = a + j~, where k2 = Im {k} >0.
The assumption of a finite u makes sure that the half-planes
overlap.

At the interface, DU(Z, 0+) – Dv(z, 0-) = P(Z, O). Here,
Du denotes the y-component of the electric displacement, The
x-component of the electric field E. is continuous in the
middle zone of the interface and zero at the semiinfinite and
infinite plates. Imposing these conditions, charge and potential

satisfy the following equation [19]

e~a”~+(a) – CO(I + C~)Tcoth(~~)~l(~)

(5)+ e-Ja”~_ (a) = –Fl(a) + ~~.s(~),

where 31(a) = exp(jwrl ) is the FT of the LCS located at Z:l.
The term w~, (a) stands for the contribution of the solenoidal

vector potential. As we mentioned above, we wish to consider
the quasielectrostatic case so that this term can be omitted

henceforth.

B. Solution of the Three-part Wiener–Hopf Equation

The function b~ coth(~b) = ~(a) can be factorized into
~+(a) . ~_(a), where ~+(ct) and ~_ (a) are regular and

nonzero in the half-plane r > T– and ~ < T+, respec-
tively. ~(a) is regular in the strip – k2 < ~ < k2 and
the relation K+ (es) = ~_ (–a) holds. Multiplying (5) by

exp( –jaa) /~+ (a) and invoking the decomposition theorem
[3, p. 13], we obtain

P+(a) 1

/

~+~c p_ (,c)e-2jta
d<

F+(a) + m -rx+jc (’$– ~)~+(t)

1

+

cu+j’d —~_(f) e–Vfa
—— d<

2~j -m+,d (I$– a)x+(f)

1 + G. e–jaa~+to—
b

-(a)~,(a) = ~(a). (16)

The leftmost side of (6) is regular and bounded in the upper
half-plane, while the middle term is regular and bounded in
the lower half-plane. Combining the edge-conditions (charge
near the edge z 4 0 of a metallic plate goes to infinity like
x–v, where O < q <1, [20]) with the Abelian theorem [3, p.

36], we see that ~(a) tends to zero in the limit a -+ co. Thus,
by Liouville’s theorem [21, p. 381], we obtain ~(a) ~ O.
It turns out that we only need the equation which arises by
setting the leftmost side of (6) equal to zero. Multiplying
(5) by exp(jaa)/~_ (a), and proceeding analogously, we
obtain a similar integral equation. These two equations c;an
be decoupled by introducing the functions

Ti(a) = P+(a)+ (-l)i+’p-(-a), i = 1,2. (7)

At this point, we go to the limit u ~ O to come back to our
initial electrostatic problem (the operations performed on (5)

and the limiting process w -+ O are interchangeable). We then
evaluate the occuring integrals using the residue theorem to get

— m [Fl(-ctn) - (-l)%l(an)]e’a”’
— E (an + a)
n<l

{}

1
. Res _

K_(a) ~=a ‘
(8)
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where the n. denote the poles of ~_ (a) in the upper
complex half-plane. In the electrostatic limit, the function

~(cz) becomes ~(a) = ba coth(ctb), with

IT+(a) = W
r(l – ja.b/~)

r(l/2 – @b/n);

()

17r
an=j n—– —,

2b
(9)

{11Res _
–j 13(2 n-3)

K-(a) ~=an ‘p”= ~”2.4. ..(22) 2)’ ’10)

where pl by definition equals –j/b and 17 is the complex
Gamma function as defined by [22]. Setting a = ak in (8), we

get an infinite system of complex algebraic equations for the
unknowns ~, (an ). However, the terms of the series decay as
exp(–2nma/b) and exp[–nz(a – Izl I)/b], respectively (note
that a is larger than IZ1 I) and thus in most cases we get
sufficiently accurate results by truncating the sum after, say,
10 to 20 terms.

C. The Green’s Function

After solving the above system of equations, we use (8) and
(7) to obtain in the wavenumber domain an expression for the
charge distribution in the active plane

p(a!lq) = q(a) +p+(a) +p_(c!), (11)

where

m

“x
1

J (a’+ an)

[ 1~(TIn+72n)e2~a”” +sl(an)ej~n” ,

where $In and $2. stand for VI (an) and T2 (an), respec-
tively. Inverse Fourier transform then gives p(z Ixl ).

In ( 11), it can be seen that ~+ (a) consists of charges induced
by the line charge (the terms involving 31) and by the charges
on the left plate. p_ (a) can be interpreted analogously. The
edge behavior was checked by means of the Abelian theorem:

P(zl$l ) asymptotically behaves like (l%I – a) ‘1/2 in the limit
Izl - a - o+.

The potential in the active plane is related to the charge
distribution by (5) in the limit WF8 ~ O. With this result, the
potential due to an LCS at z = ZI is uniquely determined for
all a and y. Inverse Fourier transform gives

(12)

1,,>,,,!,,,,,,:,>,,,,,,,,,,,,>,,,,,,,,,,,,,,
~: ;;
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–5 00 –3 00 –1 00 1 00 300 500

x

Fig. 2. Green’s function (solid) and charge density distribution (dashed)
due to a line charge source located at cl = O. The parameters a, b, -cl

and e,. refer to the geometry in Fig. 1(b). .r. z, a, and b are in units of
L = 200 flm. p(.rlzl ) is in 4.427. 10-s Coulomb/meter (I.e. normahzed by
@/~) and G[.uIz’1) = o(z.0) 1s m volts.

providing a complete description of the field. Now we define
the Green’s function G(% IZ1) appropriate for our problem as

the potential in the plane y = O. Fig. 2 shows the Green’s
function and the induced charge distribution due to a LCS. It
is obvious that for any electrode configuration, the knowledge
of the charge distribution in the middle zone pm(z) is sufficient
to compute the potential 4(z, O) = J G(mlm’). pm (x’)dz’. This
proves that the transformation of all boundary conditions into
the middle zone is possible. For completeness, in Appendix
B we outline the derivation of ~(a Ixl ) for the case that only

one semi-infinite plate exists.

D. Discussion of Underlying Assumptions

Now let us discuss our assumption of the isotropic sub-
strate. Generally, the substrate materials used in SAW devices
are anisotropic. It is well-known that the equation for the
electrostatic potential in an anisotropic substrate can be trans-
formed to canonical form (Laplace equation). This involves
the coordinate transformation 2 = z – (E12/C22)y and j =
(eT/e22)y, where CT = (elle22 - c~,)lf’, [23]. For the
calculation of the charge distribution, the only effect of the
transformation is that the effective distance of the lower ground
plate from the interface becomes scaled by eT/E22. For the
case that bU R bd~T/6’z the above closed-form results remain
applicable (bu and hd are the distances between the interface

and the upper and lower shielding plates, respectively). If
this is not the case, the evaluation of the Green’s function
becomes extremely complicated as the function a [coth(abU) +
@ coth(~bdcT/e~’ )] has to be factorized, which can only
be managed numerically. As the usual packaging geometries
agree quite well with the above condition and the dependence
of the charge distribution on the packaging is very small
anyway, our calculations remain valid in most of the practical
cases.

The assumption that the semi-infinite plates are located
symmetrically with respect to the y-axis implies no loss
of generality, because the coordinate system can be chosen



MOLISCHet al.: ON THE APPLICATION OF THE WIENER-HOPF TECHNIQUE 321

accordingly and the location of the electrodes in the middle
is arbitraxy.

E. The Method of Moments

Given the potentials on the electrodes, the associated charge
distribution is to be determined. To compute p(x), we apply

the MoM [15], [16]. The charge distribution in the active
middle zone is approximated by a sum of basis functions bl (z)

which are weighted by unknown coefficients ql. The testing
functions are denoted as wk (z). The q~are then computed from

(13)

where the matrix A is the charge-potential-interrelation ma-

trix and ~~ = J #(x, tt)wk(~) dx/ J w~(z) d~. The detailed

expressions for the A,w, selecting various basis- and testing
functions, are summarized in Appendix A.

III. RESULTS

For a WH-MOM calculation of the charge distribution in a
two-electrode transducer we discretize each of the electrodes
into 10 stripes (for the geometry data refer to Fig. 3). Pulse
functions are used for both basis- and testing functions. To

check the accuracy of other commonly used methods, we

compare our present results to those obtained by (i) direct
MoM and (ii) Finite Element Method (FEM). Due to the

fact that our formalism correctly accounts for the singularities

of the charge distribution near the edges of the semi-infinite
plates, we expect that the differences in the results will
occur mainly in these regions. To make these differences
easier to inspect, we compare the results in the wavenumber
domain rather than in the spatial domain, transforming the
differences into the higher wavenumber range. Fig. 3 compares
the direct MoM to the WH-MOM. Applying direct MoM,
we discretize each electrode into 10 strips; the semi-infinite

plates are truncated at 1x1 = 9.7 and discretized into 80

strips each. We see that the direct MoM gives quite accurate
results for a < 4T (difference between the two methods
is smaller than 0.52 for a < 27r and smaller than 1.4 for
2m < a < 47r where the maximum values of ~(a) in
these regions are 37.3 and 12.9, respectively; a and P(a)
are normalized according to Fig. 3). At larger wavenumbers
the difference can become quite significant. Fig. 4 shows a
comparison between FEM [24] and WH-MOM. The simulation
range is the domain 1$1 < 9.7, Iyl < b. As the FEM
program is not able to deal with infinite elements, the structure
was made periodic in the x-direction, which is equivalent

to imposing homogeneous Neumann boundary conditions at

1x1 = 9.7, Igl < b. An automatic grid generator adapts the
grid for consecutive computation cycles until the relative
difference between the total energies from two subsequent
cycles becomes smaller than 1YO. The presented results are
achieved with a total number of 104 elements in x-direction.
The absolute difference of ~(a) computed by FEM and WH-
MoM is smaller than 2.2 for a < 27r and smaller than 3.2 for
2T<cr<4T.
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Fig. 3. Imaginary part of the Fourier transform of the charge density
distribution on a two-electrode IDT with semi-infinite plates (real part is
zero): this work (solid) and direct MoM [15] (dashed). The paramelters
a, b, tl, tz,pl,pz are all measured in units of L = 100 pm, parameters
1’1 and V2 are measured in volts. All parameters refer to Fig. l(a). The
wavenumber a is m units of 1/L. The units on the ordinate-axis are
8.854. 10–12 Coulomb (i.e. normalized by .s0).
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Fig. 4. Imaginary part of the Fourier transform of the charge density
distribution on the two-electrode IDT from Fig. 3 (real part is zero): this work
(solid) and FEM [24] (dashed), geometry data and normalization as in Fig. 3.

Our second example presents the results for a five-electrode
trasducer (see Fig. 5 for the geometry data and the charge
distribution). For both WH-MOM and direct MoM, each elec-
trode was divided into 10 stripes. For the direct MoM, the
semi-infinite plates were truncated at Iz I = 12 and divided
into 80 strips each. The absolute difference between the two
methods was smaller than 0.5 for Q < 2m, smaller than 0.75
for 21r < a < 4T, and smaller 1.2 for 47r < Q < thr;
@e maximum values of ~(a) in these regions are 59.9, ~5.O
and 27.9, respectively (normalization according to Fig. 6).
The corresponding potential distribution is shown in Fig. 7.
Note that the boundary conditions at IZI > a are satisfied
exactly.

In calculating the charge-potential-interaction matrix ele-
ments, the memory requirements were smaller by a factor
50 for the two-electrode transducer and a factor 8 for the
five-electrode transducer compared to direct MoM.
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all measured in units of L = 50prn, parameters VI Vs are measured in
Volts. All parameters refer to Fig. l(a). The units on the ordinate axis are
1.7708. 10–7 Coulomb/meter (normalized by CO/L).
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Fig. 6. Real part of the Fourier transform of the charge distribution on the
five-electrode IDT from Fig. 5 (imaginary part is zero): this work (solid) and
direct MoM (dashed). The geometry and the units of the parameters is the
same as in Fig. 5. a is measured in units of 1/L = 1/.50 #m. The units on
the ordinate axis are 8,854. 10– lZ Coulomb (normalized by ●o).

IV. CONCLUSION

Using the Wiener–Hopf-technique, we computed the elec-
trostatic Green’s function of a line charge at the interface of
two dielectric media shielded by a metallic package and neigh-

bored by two semi-infinite plates at the interface. We gave a
closed-form equation for the Green’s function in the Fourier
transform domain; and the possibility of transforming all the
boundary conditions into the active zone was shown. We then
calculated the elements of the charge-potential-interrelation
matrix for a MoM-application and compared our results with
those obtained by direct Method of Moments and Finite
Element Method. Our method has two major advantages: (i)

due to the exact representation of the singularities near the
edges of the semi-infinite plates, it is more accurate. (ii) as

the boundary conditions on the semi-infinite plates are already
satisfied, we only have to discretize the active middle zone,
so that considerably smaller matrices have to be handled.
The method also can be used to extend the capacitance

\
+“

a=4. O b=10.O
er=9.6
tl=–s t~=–1 .5
t~=o t~=l.5
t~=3

p,..p~=l

V,= V3=V5=I

v~=v~=o

Fig. 7. Potential distribution of the five-electrode IDT from Fig. 5 for the
region y ~ O (symmetrical with respect to the x-axis). The parameters and
the norrnahzation are the same as in Fig. 5; the potential ~(z, y) is measured
in volts.

computations by parallel track subdivision of SAW-IDT’S [25],
[26].

APPENDIX A

In this appendix, we summarize the MoM equations for

various basis- and testing functions. The derivation runs along

the lines outlined in Section II. For an arbitrary given charge
dens$y distribution bl (z), with the Fourier transform ~1(a),

the IJJin are computed from

The function p(a Izz) is then given by

p(al%l) = h(a) + p+(a) + p-(a) (A2)

where p+ and T_ are given by (11) with 31 replaced by ~1.
For the most common basis functions (impulse, pulse and

triangle), Tt(a) is

(A3)
In the above pl (z) is a pulse function of unit height and

width dl, symmetrical about z I: and t~(~) is a rooftop function.,. ., “./
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having its maximum height (unity) at xl and being zero for

x = xl – d; and z = Zl + d;. There is no simple relationship
between the p(a Izt) resulting from various basis functions (as

exists for the direct MoM), because the Green’s function is not

translationally invariant, The Akl elements are now given by

where the normalized testing functions ~k (a) are

&(-~)
@(o!) = -

bk (0)
(A5)

(note that for the triangle, ~~ (0) = (d~ + d~)/2). This
gives the Akz elements for nine combinations of basis- and

testing functions (note that in the case bl = 6(z – xl) and
wk = 8(X – $k), xl = xk is not admissible).

APPENDIX B

This Appendix derives the charge induced on only one semi-

infinite plate by a given charge density distribution (the plate
occupies the half-plane z < O). Defining

(Bl)

and

/

o
p_(a) = p(z, O)e~aZdx, (B2)

—cc

we get analogously to (5)

Dividing (B3) by ~– (a), applying the decomposition theorem
and Liouville’s theorem, and evaluating the occuring integrals
by the residue theorem, we obtain the following equation for

the charge distribution in the wavenumber domain

cc

p(o+q)=zi(a) + K_(a) ~ p. 1~=, (-a + an)
~1(an). (B4)

Using (B4) instead of (11) and (A2), (12) and (A3) to (A5)
remain valid.
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